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Introduction
Beyond fields

Real and complex fields and 7

@ R is topologically complete.
x2 +1 =0 has no solution.
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Introduction
Beyond fields

Real and complex fields and 7

@ R is topologically complete.
x%2 4+ 1 =0 has no solution.

o C is algebraically closed: Every polynomial has a root.
There are no “small” fields above C .

@ Theorem of Gelfand-Mazur: Every finite dimensional
skew field containing R is isomorphic to R, C or
H: skew field of quaternions or Hamiltonians (William
Rowam Hamilton, lrish mathematician and physicist,
1805 (Dublin) - 1865 (Dunsink near Dublin)).
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Quaternions Quaternions Defined by Complex Matrices

9 Quaternions
@ Quaternions Defined by Complex Matrices
@ Quaternions as a Real Space
@ Unit Quaternions and Rotations in the Imaginary Subspace
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Quaternions Quaternions Defined by Complex Matrices

Skew Field H as Complex Matrices

C2’2

C vo. . (1 0)\(0 0 00
2 100 big: _

| 7 too big (o o)(o 1) (o 0)

R
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Quaternions Quaternions Defined by Complex Matrices

Skew Field H as Complex Matrices

Definition (Quaternions)

_u_f(10 _ (i o
2 h"_'d_<o 1)’ hl_(o —i)’

Cc>

e )

C — |

R H = {ah0+bh1+ch2+dh3|a,b7c,dER}
. a+bi c+di
- {(—c—i—di a—bi) a,b,c,deR}

v,wE(C}

(= 9)
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Quaternions Quaternions Defined by Complex Matrices

Skew Field H as Complex Matrices

© H is closed under matrix multiplication and addition. It contains the
identity matrix and thus is a ring with identity.
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Quaternions Quaternions Defined by Complex Matrices

Skew Field H as Complex Matrices

© H is closed under matrix multiplication and addition. It contains the
identity matrix and thus is a ring with identity.

9 h]_2 = h22 = h32 = _hO'
H contains three copies of the complex numbers.
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Quaternions Quaternions Defined by Complex Matrices

Skew Field H as Complex Matrices

© H is closed under matrix multiplication and addition. It contains the
identity matrix and thus is a ring with identity.

Q hi? = hy? = h3® = —ho.

© hihy =h3z, hphz =hy, h3hy =h; und
hohy = —hs, h3hy = —hy, hyh3 = —hs.
These rules are well known from the cross product on R3. Hence, this
multiplication is not commutative.
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Quaternions Quaternions Defined by Complex Matrices

Skew Field H as Complex Matrices

© H is closed under matrix multiplication and addition. It contains the
identity matrix and thus is a ring with identity.

@ hi? = hp? = h3? = — ho.

© hihy =hsz, hphz =hy, h3h; = h; und
hahy = —hsz, h3hy = —hy, hyh3 = —hs.

© The map
R%, +) - (H, +)
o at+bi c+di
(2,b,c,d) = (c+di abi)

respects vector addition / matrix addition and scalar multiplication.
So it is a vector space homomorphism.
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Quaternions Quaternions Defined by Complex Matrices

Skew Field H as Complex Matrices

H is a skew field with centre R hg.

Proof: .
o a+bi c+di) _ 1 a—bi —c—di
—c+di a-bi a2+ b2+c2+d?\ c—di a+bi
(2 ai+bii c+dii ) aH+bi o+di
—c1+dii a;— byi —C+dri ay— byi

_ a1ay — biby — c1co — dida + (arbo + braz + c1do — di0) i
—ciay — diby — a1 + bidy + (—c1by + diax + a1d> + b1 ) i

ajcp — bida + crax + diby + (a1ch + bicy — c1by + dra2) i >
—ci1cp — didh + a1ay — biby + (—cida + dicy — a1by — b1ap) i

© Direct calculations verify the centre.
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Quaternions Quaternions Defined by Complex Matrices

Skew Field H as Complex Matrices

. (i 0 - 0 1 (0 i .
o{ho—ld,h1—<0 _i>,h2—<_1 O),hg,—(i O>}/sa
basis of H.

@ H contains R(h;), (i, ..., 3) which are three copies of the complex
numbers whose intersection is R = R(hg), the centre of H.

R(hi1) C = R(hy) R(hs)

R = R(ho)
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Quaternions Quaternions as a Real Space

The Skew Field of Quaternions (R*, +, -)

(R*, +,-) with vector addition and the following multiplication

a1 an

b1 b A ai+bii c+dii a+bi o+di
c1 o B —c1+dii a;— byi ' —C+dri ay— byi
di d>
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Quaternions Quaternions as a Real Space

The Skew Field of Quaternions (R*, +, -)

(R*, +,-) with vector addition and the following multiplication

a1 an
b1 b ~ ai+bii ¢ +dii a+bi o+di
c1 . C B —c1+dii a;— bpi . —C+dri ay— byi
d1 d>

_ 3132—b1b2—C1C2—d1d2+(31b2+b122+C1d2—d1C2)i
—c1ap — dibp — a1 + bids + (—Clbz + diap + a1dr + b1C2)i
a1cy — bida + crax + diby + (a1da + bicy — c1by + diap) i
—cc — didy + a1a3y — biby + (—c1da + dicy — a1by — bran) i
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Quaternions Quaternions as a Real Space

The Skew Field of Quaternions (R*, +, -)

(R*, +,-) with vector addition and the following multiplication

a1 an
b1 b A ai+bii c+dii a+bi o+di
c1 (o)) B —c1+dii a;— byi ' —C+dri a— byi
di d>

aiaz — bbby — 1o — did>
aiby + b1ax + c1dx — dic2
aicp — bidr + crax + di by
aido + bico — c1by + dias

IR
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Quaternions Quaternions as a Real Space

The Skew Field of Quaternions (R*, +, -)

(R*, +,-) with vector addition and the following multiplication

a a2 ajax — biby — c1cp — did>
bi || b2| =~ |ab2+biax+ad—dic
c1 Co - aico — bidr + ciax + di by
dr d> aidr + bico — c1by + dias

is a skew field isomorphic to (H, +, ), which is denoted by (H, +,-) too.
The inverse or reciprocal element is

-1

a a
b B 1 —b
© a4+ b2+ 2+d?| —c
d —d
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Quaternions Quaternions as a Real Space

APL-Functions

Dyalog APL

r«a Hmul b

r<al1]xh

r<r+al2]=x"1 1 1 1xb[2 1 4 3]
r<«r+al3]=x"1 1 1 “1xb[3 4 1 2]
r<r+alltl=x"1 "1 1 1xdb

Hinv<«{((11tw),-1Yw)++/wxw}
Hdiv<«{o Hmul Hinv w}

Hcon«{(1tw),-14w}

HsDi<«{(o Hmul w)-w Hmul o}
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Quaternions Quaternions as a Real Space

APL-Functions

Dyalog APL

r«a Hmul b

r<al1]xh

r<r+al2]=x"1 1 1 1xb[2 1 4 3]

r<«r+al3]=x"1 1 1 “1xb[3 4 1 2]
1

r<r+alu]x 1 1 1xdb _Hinv 0 0 1 1
0 0 0.5 0.5
Hinv<{((14tw),-14w)++/wxw) 6 0 o 2 1 0 0 Honul 0 0 1 0
. . 01 0 0 HsDi 0 0 1 0
Hdiv<{o Hmul Hinv w} 00 0 2

Hcon«{(1tw),-14w}

HsDi<«{(o Hmul w)-w Hmul o}
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Quaternions Quaternions as a Real Space

APL-Functions

IBM APL2

r<a Hmul b

r<«al1]xb

r<r+al2]x 1 14 1 41xb[2 1 4 3]
r<r+al3]x 1 14 1 " 1xbl[3 4 1 2]
r<r+alllx 1 1 1 1x0¢b

r<Hinv a
r<(all1l,-1va)++/axa

r<«a Hdiv b
r<a Hmul Hinv b

r<Hcon a
r«al1],-1va

r<a HsDi b
r<(a Hmul b)-b Hmul a

v
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Quaternions Quaternions as a Real Space

APL-Functions

IBM APL2

r<a Hmul b

r<«al1]xb

r<r+al2]x 1 14 1 41xb[2 1 4 3]
r<r+al3]x 1 14 1 " 1xbl[3 4 1 2]
r<r+alllx 1 1 1 1x0¢b Hinv 0 0 1 1
) 00 0.5 0.5
r<Hinv a

r<(al1],-1va)++/axa 010 0HMW 0010
000 1

r<a Hdiv b

r<a Hmul Hinv b 010 0HsDi 0010
000 2

r<Hcon a
r«al1],-1va

r<a HsDi b
r<(a Hmul b)-b Hmul a
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Quaternions Quaternions as a Real Space

Complex Conjugate and Norm

Definition (Conjugate, Norm)

© Complex Conjugation * : H—H is defined by

*

a a

b o —b 7 a+bi cH+di *_ a—bi —c—di
cl|l | =c —c+di a-— bi " \ec—di a+bi |-
d —d

It is an additive automorphism and a multiplicative antiautomorphism
on H.

@ The norm N : H—R>q of a quaternion is

N

:az+b2—|-C2+d2: a—i—bi_ C+d.i )
—c+di a-— bi

Q 0 T W
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Quaternions Unit Quaternions and Rotations in the Imaginary Subspace

Unit Quaternions

For g1, g2 € H we have N(q1 - g2) = N(g1)N(g2). So N is a
homomorphism (H, -) onto (R>o, ).

Proof: N(g;) = det(q;)
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Quaternions Unit Quaternions and Rotations in the Imaginary Subspace

Unit Quaternions

For g1, g2 € H we have N(q1 - g2) = N(g1)N(g2). So N is a
homomorphism (H, -) onto (R>o, ).

Proof: N(g;) = det(q;)

Fir S := N71{1} = {q€H | N(s) = 1} gilt S =2 SU(2,C). S is the set of
all unit quaternions.
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Quaternions Unit Quaternions and Rotations in the Imaginary Subspace

Real and imaginary part

Definition
The real part of a quaternion ahg+bhy +chy +dhs is a, its imaginary
b
part | ¢
d
In the decomposition H = hgR@hiRGhhRA&hR=EZRGR3 =RV,
V := R3 denotes the set of all imaginary parts.
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Quaternions Unit Quaternions and Rotations in the Imaginary Subspace

Real and imaginary part

Remark (Multiplikation)
Given a, a; € R und v, v; € V(i = 1,2) we have

° a\ () _ a1ay — (Vi, V2)
Vi Vo aivo + axvi + Vi X o

Multiplication restricted to V' corresponds to the cross product.
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Quaternions Unit Quaternions and Rotations in the Imaginary Subspace

Real and imaginary part

Remark (Multiplikation, Inverse)
Given a, a; € R und v, v; € V(i = 1,2) we have

° a) [a) _ aa — (v, )
Vi Vo aivo + axvi + Vi X o
Multiplication restricted to V' corresponds to the cross product.
-1

° a 1 a

v a2+ || V2 \ -V
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Quaternions Unit Quaternions and Rotations in the Imaginary Subspace

Real and imaginary part

Remark (Unit Quaternions)
For a, aj € R and v, v; € V(i = 1,2) we get

e {( ) ) ac0,2m)AG € {7 R |7 :1}}

sin () @

This notation of a unit quaternion is called polar representation.

Dieter Kilsch Quaternions and Image Recognition April 17, 2018 16 / 26



Quaternions Unit Quaternions and Rotations in the Imaginary Subspace

Real and imaginary part

Remark (Unit Quaternions, Conjugation)

For a, aj e R and v, v; € V(i = 1,2) we get

e Conjugation with a unit quaternion (S(,:O (@) > yields
|

0
<c05(2oz)\7 + 2sin?() (@, V) @ + sin(2a)@ x \7)

<U
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Quaternions Unit Quaternions and Rotations in the Imaginary Subspace

Real and imaginary part

Remark (Unit Quaternions, Conjugation)

For a, aj € R and v, v; € V(i = 1,2) we get
wo
. . . . . cos(a w
e Conjugation with a unit quaternion | ( )A = X | can be
sin(a)® wy
Wz
expressed by a rotational matrix
Wi+ w2 —wl—w?  2(wxwy — 2wowz) 2(wowy + wxwz)
Dw,a = 2(wowz + wxwy) wi — w2+ w§ —w? 2(wywz — wowx)
2(wxwz — wowy) 2wowx + wywz)  w@ — w2 — w}z, + w?
on V.

Dieter Kilsch Quaternions and Image Recognition April 17, 2018 16 / 26



Quaternions Unit Quaternions and Rotations in the Imaginary Subspace

Rotations

cos ()

Conjugation with a unit quaternion | | > .
sin (o) @

yields a rotation around

@ with the angle 2c.
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Quaternions Unit Quaternions and Rotations in the Imaginary Subspace

Rotations

cos ()

) > ' | yields a rotation around
sin (a) &

Conjugation with a unit quaternion (

@ with the angle 2c.

,s<€(2 10015+180)x™"1 (0 0 1)
0.9659258263 0 0 0.2588190451

Hdrmat s
0.8660254038 0.5 0
0.5 0.8660254038 0
0 0 1

s Hdreh 0,v<1 2 3
0 0.1339745962 2.232050808 3
(Hdrmat s)+.Xxv
T0.1339745962 2.232050808 3
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Quaternions Unit Quaternions and Rotations in the Imaginary Subspace

Rotations

cos ()

Conjugation with a unit quaternion ( . ? Y ) yields a rotation around
sin (o) @

@ with the angle 2c.

Proof:
cos(a) \ . (0 [ cos(a) =1 _ 0
(sin (a)d)) ( \7) (sin (a)w) (cos(2a)\7+ 2sin?(a) (&, V)& + sin(2a)® x \7)
& = (cos?(a) —sin?(a) 4 2sin?(a))d = &
é — cos(2a)é +sin(2a)w x &
WXeé —

(2a)
cos(2a)w x &+ sin(2a) x (& x &)
(2a)d

= cos(2a)® x & —sin(2a)é
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Quaternions Unit Quaternions and Rotations in the Imaginary Subspace

Rotations

The map T vV — 74 has the
s — 7(s): q
properties:

Q 7(s) is a specially orthogonal linear transformation of the vector space
V.

@ 7 is an epimorphism with kernel
ker T = <— ho> = {ho, = ho} =5n Z(H)

Dieter Kilsch Quaternions and Image Recognition April 17, 2018 17 / 26



Quaternions Unit Quaternions and Rotations in the Imaginary Subspace

Rotations

S — SO(3,R)
The map T vV — 74 has the
s — 7(s): .
V > svs

properties:

Q 7(s) is a specially orthogonal linear transformation of the vector space
V.

@ 7 is an epimorphism with kernel
ker T = <— h0> = {ho, = ho} =5n Z(H)

a1y =2 V20 14 2 SO(3,R)
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Quaternions in Image Recognition Comparing Expenses Rotational Matrices - Quaternions

© Quaternions in Image Recognition
o Comparing Expenses Rotational Matrices - Quaternions
@ Calculating the Rotation
o Examples
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Quaternions in Image Recognition Comparing Expenses Rotational Matrices - Quaternions

Image Recognition

rk Load (Complexity): Number of Multiplications
© Applying a matrix to a vector:

Vgl. Wikipedia,
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Quaternions in Image Recognition Comparing Expenses Rotational Matrices - Quaternions

Image Recognition

Work Load (Complexity): Number of Multiplications
Q Applying a matrix to a vector:

@ Conjugating an imaginary vector by a unit quaternion:

Vgl. Wikipedia,
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Quaternions in Image Recognition Comparing Expenses Rotational Matrices - Quaternions

Image Recognition

Work Load (Complexity): Number of Multiplications
Q Applying a matrix to a vector:

@ Conjugating an imaginary vector by a unit quaternion:

© Multiplication of two matrices:

Vgl. Wikipedia,
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Quaternions in Image Recognition Comparing Expenses Rotational Matrices - Quaternions

Image Recognition

Work Load (Complexity): Number of Multiplications
Q Applying a matrix to a vector:

@ Conjugating an imaginary vector by a unit quaternion:

© Multiplication of two matrices:

@ Multiplication of two unit quaternions:

Vgl. Wikipedia,
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Quaternions in Image Recognition Comparing Expenses Rotational Matrices - Quaternions

Image Recognition

Work Load (Complexity): Number of Multiplications
Q Applying a matrix to a vector:

@ Conjugating an imaginary vector by a unit quaternion:

© Multiplication of two matrices:
@ Multiplication of two unit quaternions:

© Calculating the rotational matrix of a unit quaternion:

Vgl. Wikipedia,
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Quaternions in Image Recognition Calculating the Rotation

Image Recognition

Task (Determining the Rotation)

Which rotation maps the model {m;|i =1, ..., n} to the object in the
scenery {5;|i=1,...,n}?

A translation may move the object of the scenery so that one point of the
model and the image coincide. This point will be chosen to be the origin of
the rotation. So we are looking for a rotation D which minimizes the error

E(D) = Y115 — D]
i=1

Dieter Kilsch Quaternions and Image Recognition April 17, 2018 20 / 26



Quaternions in Image Recognition Calculating the Rotation

Image Recognition

Using Unit Quaternions g =

E(D) = Y _I|I5— Dl
i=1
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Quaternions in Image Recognition Calculating the Rotation

Image Recognition

Using Unit Quaternions g =

E(D) = > |5 — Dm|?-1
i=1
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Quaternions in Image Recognition Calculating the Rotation

Image Recognition

Using Unit Quaternions q = (s'

n n
E(D) = Y s —Dmil*-1 = > |5 —amiq |- lla°] (1)
i=1 =l

(1) llg?ll =1
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Quaternions in Image Recognition Calculating the Rotation

Image Recognition

n n
E(D) = Y s —Dmil*-1 = > |5 —amiq |- lla°] (1)
i=1 =l

n
= > lsig— qmi|?
i=1

(1) llg?ll =1
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Quaternions in Image Recognition Calculating the Rotation

Image Recognition

n n
E(D) = Y s —Dmil*-1 = > |5 —amiq |- lla°] (1)
i=1 =l

n n
Y lsa—qmil? = > llAG)? (2)
i=1 i=1

(1): llg?ll =1
(2): g 5:q — gm; is R-linear H — H in q: A;€GL(R*).
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Quaternions in Image Recognition Calculating the Rotation

Image Recognition

n n
E(D) = Y s —Dmil*-1 = > |5 —amiq |- lla°] (1)
i=1 =l

n n n
Y olsa—amil? = Y IAGI* = Y G AIAG  (2)
i=1 i=1 i=1

(1): llg?ll =1
(2): g 5:q — gm; is R-linear H — H in q: A;€GL(R*).
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Quaternions in Image Recognition Calculating the Rotation

Image Recognition

n n
E(D) = Y lI5i—Dml>-1 = Y |5 —amig H?-la’ll (1)
i=1 i=1
n n n
= S lsa—aml? = Y IAGI12 = Y qtAAG  (2)
i=1 i=1 i=1
n
= af(ZAfA,) g
i=1

(1): llg?ll =1
(2): g~ 5:q — gm; is R-linear H — H in q: A;€GL(R*).
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Quaternions in Image Recognition Calculating the Rotation

Image Recognition

E(D) = > Is—Dmil>-1 = > lsi—qmig > (1)
i=1 i=1
= Y lsig—amil? = Y IAG1? = Y §iAAG  (2)
i=1 i=1 i=1
= 6t<ZAfA/>6 =q"-B-g (3)
i=1

(1): llg?ll =1
(2): g~ 5:q — gm; is R-linear H — H in q: A;€GL(R*).
(3): B is symmetric.
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Quaternions in Image Recognition Calculating the Rotation

Image Recognition

i=1 i=1
is semi-definite. The eigen vector of the smallest non-negative eigen value
minimizes the error.
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Quaternions in Image Recognition Calculating the Rotation

Image Recognition

i=1
is semi-definite. The eigen vector of the smallest non-negative eigen value
minimizes the error.

Method

with A - d B = B L GLa(H) and B = 7, AtA; the unit
= siq — qgm;

eigen vector of the smallest eigen value of the matrix B minimizes the error

E(D). The smallest eigen value and its corresponding unit eigen value may

be calculated using the von Mises' or Wielandt's algorithm.

—N—
Q
———
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Quaternions in Image Recognition

Model an Scenery

Examples

Model, Scenery

mo<«4 3P0 0 0 12 0 0 142 8 0 0 8 O
mo<«mo,[1]0 0 5+[2]1mo

mo<«mo, [1]2 3P0 4 8 12 4 8

s«mo+.x1 Drm3 45 4 5
s<(0.99+(Ps)P0.02xe((P,s)PL1)? "2)xs
sc<«14 31 L+[2]s
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Quaternions in Image Recognition [SETNIES

Model an Scenery

odel, Scenery

E
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Quaternions in Image Recognition [SETNIES

Model an Scenery

Model, Scenery, Translation of the Object of the Sce

B
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Quaternions in Image Recognition Examples

Model and Scenery

with A - 2 = H } € GLp(H) and B = 37, ALA; the unit

q = Siq—qm;
eigen vector of the smallest eigen value of the matrix B minimizes the error
E(D). The smallest eigenvalue and its corresponding unit eigen value may

be calculated using the von Mises' or Wielandt's algorithm.

T
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Quaternions in Image Recognition [SETNIES

Model and Scenery

H — H

q — Sq—qm;
eigen vector of the smallest eigen value of the matrix B minimizes the error
E(D). The smallest eigenvalue and its corresponding unit eigen value may
be calculated using the von Mises' or Wielandt's algorithm.

Calculation

g«cl[2]4 4ps5+1
A<® >"c[2]((c[2]0,s)0°.Hmul g)-8qge.Hmulc[2]0,mo
,(w e)<Wielal B<«>+/(RA)+.x A
0.4749283006 0.9226059704
T0.02755600419
~0.04835511334L
0.3817075752

With A; € GLr(H) and B = Y ;| AtA; the unit
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Calculation von Mises’ Algorithm

r<«Misesl mat
x<(tPmat)+1

DO:

x<«mat+.xxalt<x
x<x+(+/xxx)*0.5
~((T/|x-xalt)>1E 8)/DO

r<((mat+.xx)Ex)(,[1.5]1x)
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Model and Scenery

Calculation Wielandt's Algorithm

r<Wielal mat
x<(tPmat)+1

DO:

x<(xalt<«x)BEmat
x<x+(+/xxx)*0.5
~((T/|x-xalt)>1E 8)/DO

r<((mat+.xx)Ex)(,[1.5]1x)
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Calculation Wielandt's Algorithm

g«cl[2]14 4ps5+1
A<® >""c[2]1((c[2]0,s)°.Hmul g)-8ge.Hmulc[2]0,mo
,(w e)«Wielal B«>+/(RA)+.x A

OO OO OO oo

0.4749283006

0
0

0.

0

.9226059704
.02755600419
04835511334
.3817075752

(s—2(cHdrmat,e)+.x c[2]lmo)+s

.01195321674
.02025259723
.02697763674
.0335428643
.01178156164
.0u065164481
.008312330371
.009319165317
0.

03313149529

Dieter Kilsch

1

0.
0.
0.
“0.
0.
0.
0.
0.
0.

02690747054
009462197457
01218516893
08286290679
02610348703
02820517393
01091595672
02747665199

1

0.05094570483
0.1873015667
0.0005827847932
0.
0
0
0

009864244847

.03224123759
.01477831918
.01137495259
0.
007787749596 0.

01028882928
01245741103
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